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Abstract. The Wigner function appeared to discuss the
quantum correction of thermodynamic equilibrium, and it
has become a tool for the analysis of quantum systems,
especially the harmonic oscillator, which states describe
the quantum field in a cavity. We discuss a matrix
approach for the computation of the Wigner function.
The numerical techniques here discussed are applied to
obtain the time-dependent Wigner function of the field
for the Jaynes-Cummings Model, which is widely known
to describe the fundamental matter-field interactions in a
perfect cavity.
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1 Introduction

According to the foundations of the quantum
mechanics, the complete description of a quantum
system relies on the knowledge of the state vector
1 that belongs to the space states [5]. However,
it is difficult to extract, in a transparent manner,
the most relevant physical insights of a quantum

system through the single analysis of its vector
state. Fortunately, several useful representations
can demystify its abstract nature, among them
we find the Wigner function. It is primordially
appropriated to discuss the connection between
the classical and the quantum domain [15].

The initial emergence of the field Wigner function
in cavities has become increasingly important as
fundamental Quantum question has received a
renewed attention and that demanded of a handy
theoretical, numerical and experimental tool able,
as the Wigner function, to express its analysis.
This is particularly important in composite quantum
systems [11], where its complexity limits quite
frequently our ability to provide fully solvable
results.

In those systems, the Wigner function becomes
far too complex to be solved analytically and
the need to have a fully numerical approach is
required. The aim of this work is to introduce
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a numerical approach that can explore from its
basics.

Several equivalent definitions allow the compu-
tation of the Wigner function. If it is known the
quantum system stationary wave function ¢ (x), we
can easily compute the Wigner function through
the following expression [15]:

W (z,p) = ﬁ /dﬁeXP (—%Pﬁ) o (m - %5) ® (:c + %5) ,
(1)

An alternative and equivalent way to compute
the Wigner function is through [3]:

W (o, ) = 2Tr [pD (@) eimatap—1 (oz)} . (2

Let us notice that while the equation (1] is valid for
a system described by the wave function ¢ (x), the
equation |2|is of more general application because
applies to a quantum system described by the
density operator p.

Maybe, the most widely discussed model in
quantum optics is the Jaynes-Cummings Model
(JCM), which in its simplest form describes the
interactions between a two-level atom and the
quantized field in a perfect cavity [10]. The analysis
of the field Wigner function in this model is a
standard tool to inquire on the properties of the
cavity quantum field. To compute the JCM Wigner
function, it has been proposed the factorization of
JCM the wave function as:

[0 @) = [o—1 () [=1) + o1 (1)) [1) . (3)

is a key step in the discussions of the analytical
time-dependent JCM Wigner function. The
limitation of the equation is its validity only
for fields described by a vector state, and it is
desirable to generalize such expression to take
into account a density matrix formalism. Such a
handy factorization has been possible through the
assumption of exact atom-field resonance [g].

In the equation (3} the first term is related to the
ground state and the second one to the excited
state. An analysis without those assumptions
becomes quite a formidable task, which implicitly
makes desirable numerical strategies that could
provide an efficient analysis to more complex
cases. This numerical perspective is the motivation
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of our didactic examination of the JCM Wigner
function as a convenient example, which can be
extended to discuss many other problems.

The starting point of our discussion will be the
equation The computational implementation
of the quantum operators, which appear in such
equation, becomes viable by taking advantage
of the modern software available for the matrix
management. The quantum practitioner, which
often finds these complex operator expressions,
will appreciate it to explore these techniques in
many other problems further.

2 The Harmonic Oscillator Wigner
Function

The Harmonic Oscillator (HO) is one of the
most widely used models in many areas of
physics. The quantum version of this model is
the mathematical tool to describe the quantum
field inside a perfect cavity. Therefore, before
inquiring into the JCM cavity field Wigner
function, it is convenient to briefly describe the
quantum harmonic oscillator and to show the
the expressions of its time-dependent Wigner
function. The Hamiltonian of the quantum
harmonic oscillator is:

Hyo = hw (aTa + ;) s (4)

where its frequency is given by w and the rising
and lowering operators are provided by o' and
a respectively, and their properties have a vast
literature.

There are quantum states expressed in terms of
a and af , as the mathematical tool to describe
the quantum field in cavities. The Fock state
|n) is defined through the eigenvalue relation
ata|ln) = n|n), where n denotes an integer
number. The Fock states are known for having a
well-defined number of quanta and for not having a
classical counterpart. These states are particularly
relevant since they allow a discrete representation
of quantum states and operators, which is a
convenient way for its numerical implementation.
The coherent states, introduced by Glauber [7],
are defined as the eigenstate of the annihilation
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operator a|a) = «ala), where « is, in general,
a complex number.  They have the closest
classical-like behavior, and they describe the laser
beam light accurately.

The HO propagator is just the exponential of the
Hamiltonian exp (—iHt /%) :

Uno (t) = exp (—iwaTat) . (5)
Moreover, the HO state at an arbitrary time ¢ is:

¢ (t)) = Uno (t) |4 (0)) . (6)

Two typical examples of propagating an initial state
are the Fock state |n), which at ¢ acquires only a
phase factor e~ |n). On the other hand, if the
HO initially is a coherent state, the state becomes
\ae—i‘“t>. The corresponding analytical expression
of the Wigner function is:

W (a,a%) = 2(—1)"e 4oL, <2|a|2) v

for a Fock state. In equation (1.7) n denotes
the HO number of quanta, and L, (z) denotes
the nth-order Laguerre polynomial. Notice that
this Wigner function is time-independent because
in this case the density matrix does not depend
explicitly on time, see Fig. [1l The Wigner function
of a coherent state is given by:

W(a,a™) = 2e om0 ®, (8)

The equation |8 describes a clockwise rotating
two-dimensional Gaussian function in the complex
plane defined by «, which is centered at « ().
Both didactic examples[7]and[8] as well the Wigner
function of other remarkable states, are well-known
and are reported in te literature [14].Despite the
simplicity of the analytical expressions[7]and[8} the
computations are lengthy, even under this simple
Hamiltonian.

3 The Jaynes-Cummings Model

The Jaynes-Cummings Model (JCM) [10] is one of
the most notorious physical models to accurately
describe the interactions between the quantized
field in a one-dimensional perfect cavity of
frequency w and a Two-Level Atom (TLA) with
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Figure 1. Numerical evaluation of the Fock state
Wigner function of a harmonic oscillator prepared
with 9 photons. This Wigner function has negative
zones, indicating it is a non-classical state and it is
time-independent because the evolution of the Fock
state is determined only by a phase factor

atomic transition frequency wy. The strength of
such interactions are provided by the coupling
constant A\. The JCM Hamiltonian is:

1
H = §hwoaz + hwa'a + A\ (ao4 + CLTO'_) . (9

The above Hamiltonian was obtained under
Rotating Wave Approximation (RWA). Just like we
anticipated, the operator a describes the cavity
mode, and satisfies the usual Bosonic operators
commutation rule [af,a] = 1. On the other hand,
the atomic rising oy = |1) (—1| and lowering o_ =
|—1) (1] operators govern the transitions between
the atomic excited |1) and ground state |—1). They
are related to the atomic inversion operator through
the commutation rule o, = [0, 0_].

There are several outstanding mathematical
properties of this model. One of them is the
existence of motion constants. They are the total
number of excitation and the interchange constant
[1], which are given by:

N:aTaJr%(JZJrl), (10a)
C= %AJZ 4 A(acs +alo). (10b)

Often the computation of JCM analytical expres-
sions relies on the knowledge of these constants.
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Furthermore, the technique of finding the motion
constants is quite a useful path for solving more
complex quantum-electrodynamical systems. The
propagator of the JCM is given by:

U (t) = exp (—iwNt) exp (—iCt) . (11)
Another JCM feature is the existence of the

so-called dressed states that diagonalize the
Hamiltonian, and are given by:

[vo ) =1[-1,0), (12a)
|1/J,J[>:cn|1,n—1>—|—sn|—1,n>7 (12b)
[ ) = —sn|lin—1) 4+ cn|-1,n). (12c)

In the equation we are going to choose the
Bosonic index n satisfying the condition n > 0. The
quantities ¢, and s, are a shorthand notation for
¢n = cos (0,/2) and s, = sin (0,,/2) , where 6,, is
defined through:

A
VAZ+ 4NN,
20V Nom
VAZ+ AN N,

(13a)

cost, =

(13b)

sinf,, =

The dressed states are a complete base for
the JCM. Therefore, a JCM unity operator is the
following:

Ijem = [vo) (ol + > > [w5) (W§]. (14)

nog=+,—
The exact JCM eigenfrequencies are [13]:

1
W = Nomto + 5 (A + /A2 1 4>\2Nnm> .

The total excitation was denoted by N,,,,, , and it
is given by:

1
N,,mzn+§(m+1), (16)

where n and m are the eigenvalues of the
unperturbed operators afa and o, respectively.
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4 Numerical Implementation of
Quantum States and Operators

As we have previously pointed out, the time-
dependent cavity field Wigner function computation
is a formidable task, even in the absence of
atomic interactions. However, the definition given
in equation 2| provides quite a convenient manner
to numerically perform such a task. For this
purpose, we have to recall that the quantum
states and operators have computer readable
representations. In this matrix formulation of the
quantum mechanics, a quantum state is described
by a column vector while a quantum operator by
a matrix. In general, both of them have complex
entries.

4.1 Atomic Operators and States

Most of the modern software for matrix manage-
ment allow the implementation of column vectors
and several other helpful matrix operations, like
the matrices Kronecker product or the matrix
exponentiation. The excited |1) and the ground
|-1) atomic states are represented through the
following column vectors:

m=(5)- (17)
—1) = (g) . (18)

On the other hand, the rising and the lowering
atomic operators have the matrix representation:

= (0 o). (19)

and

and

,0 0
o_ = (1 O) . (20)
The dimension of the vectors is 1 x 2 , while the

dimension of the operators is 2 x 2 due to the two-
dimensional TLA Hilbert space.
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4.2 Field Operators and States

Field states and operators also have to be
implemented on the computer. The Fock |n)state,
and the operators of annihilation and creation, have
an infinite dimension. Therefore, a knowledgeable
practitioner has to approximate them. Let us
choose a convenient example of truncation at
nmax = 5. We have to establish a criterion to
obtain an upper bound to describe numerically
these operators. Often this upper bound is dictated
in terms of state distribution mean number, see
Fig. [1, A field described by a Fock state with two
photons, n = 2, is approximated by the column
vector:

(21)

~
=
Il
co~oOo

In the same terms, the coherent state can be
easily approximated with the following equation:

Mmax

_laf? a™
o) = e71el/2 Y 7~ ), (22)
n=0
where « is a complex number. The annihilation
operator, in the same terms, has the matrix
representation:

0 0 0
V2 0 0
0 V3 0 (23)
0 0 V4
0 0 0

IS
|
coocoo

In the same analogous terms, a! = (a)” due to
we have chosen the real representation for the a
matrix.

0.08
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0.04
002 I I I
0.00 -n I I [
0 5 10 15 20
n

Figure 2. Numerical evaluation of the photon counting
probability, i.e., the first 25 diagonal elements of the
density matrix |ao) (awo|. The average number of this
distribution has been chosen to be |ao|* = 9. The sum
of all these diagonal elements is the total probability and
it is numerically equal to 0.999991346873. This tell us
that with this number of elements, we have an excellent
description of this particular quantum state..

4.3 Interacting Systems

The last two sections describe how to implement
the states and operators of two isolated systems,
the atom and the field. However, just like the JCM
establish, these two systems are interacting. In
that case, the extended Hilbert space H = Hria ®
HrieLp provides the mathematical description of
the JCM dynamics, where H1a and Hgg p denote
the Hilbert space of each subsystem. To work in
the extended Hilbert space #, we must implement
extensions of the isolated operators as well as
the quantum states [4]. Numerically, both cases
are implemented through the Kronecker product
of two matrices, which for two arbitrary matrices
A ={a;;} and B = {b;;} is given by [9]:

anB “ee alnB
AgB= | + - |. (29

amB ... amnB

If we restrict ourselves to the JCM, the initial
state will be given by [vo) = [¢1a) ® [¢FELD) the
dimension of the resulting discrete Hilbert space is
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2 X nmax- The extension of the atomic operators
OTLa are given by:

Oria = O11a @ IFELD- (25)

The extension of an arbitrary field operator Ofg1p
is given by:

OrieLp = Itia ® OpiELp. (26)

In both equations (1 25) and (1 26), IrELD and Ita
denote the field and the TLA identity operators
respectively. The operators Ot a and Ofigip are
matrices that have the same dimensions and obey
the standard matrix operations.

4.4 Numerical Solution

The proper implementation of the extended
operators in the JCM framework allows an easy
matrix construction of Hamiltonian using typical
computer matrix operations. Such computer
implementation is advantageous because it allows
knowing the state of the JCM at an arbitrary time
through several methods. For instance, through
the numerical solution of the first-order system of
differential equations, provided by the Schrdédinger
equation:

zhw =H|p(t)). (27)
The numerical techniques to solve differential
equations systems, as the given in equation
are widely known as are its limits, precision, and
convergence [2,18]. Solving numerically the system
[27)is a very general approach, which however has
its practical limitations that can be overcome in
particular cases like the JCM. A second alternative
approach is given by expressing equation|11|in our
matrix representation:

U (t) = exp (—iwNt) exp (—iCt) , (28)

Where N and C are the discrete versions of the
operators defined in A third alternative, a more
convenient for our purposes, is expanding the wave
function in terms of the numerical dressed states
H|¢r) = FEx|ér) and its eigenstates, which are
numerically available:
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2XNmax
p®) =U®) D> [w) (Wi ]6(0)  (29a)
k=0
2XNmax
= Z cr exp (—iwgt) |Yr) - (29b)
k=0

The coefficient ¢, is easily computed through the
matrix operation ¢, = (¢ |¢(0)), as well as the
numerical eigenfrequencies that are given by wy, =
Ei/h. The vector state at ¢, computed by either
of the mentioned methods, leads to the direct
computation of the JCM density matrix p(¢t) =
| (t)) (@ (t)], i.e., to the knowledge of the physical
properties of the JCM, in particular the Wigner
function.

5 Numerical Computation of the JCM
Wigner Function

The matrix formulation of the quantum operators
that we provided is intended to describe interacting
atom-field systems. However, the definition of
Wigner function requires only the density matrix
of the field. In addition to the Kronecker
product, we have to implement an operation that
allows reducing the dimension of the matrix of a
composite system to obtain only the density matrix
of the field. This operation is called partial trace.

Let us discuss the concept of the trace. Consider
an arbitrary base |y;) that belongs to a Hilbert
space H, and also an operator O living in a space
denoted by £ (H). The trace of O is the sum of the
diagonal elements in the mentioned base:

d
{0} =) (xilOlxa), (30)
=1

where d is the dimension of 7. The trace is, in
general, a complex quantity and may be taken in
another basis which includes those with continuous
indices. The JCM density matrix pyom (t) is
described in the extended Hilbert space H =
Hria ® Heewp- In consequence, we must reduce
the dimension of pyom by dropping the atomic
elements, this procedure is known as partial trace



ISSN 2007-9737

A Numerical Perspective on the Jaynes-Cummings Model Wigner Function 1131

10 10
0 ® o o
-10 -10
10 10
0 0
-10 @ -10  ad
10 10
o 0 z-
=
-10 -10

0 0
-10 -10
10 10
-
0 ® o (I
-
-10 -10
-10 0 10 -10 0 10
Figure 3. Comparison between the numerical

time-dependent Wigner function of a harmonic oscillator
(On the left) and the resonant JCM (On the right). In
both cases, the initial field is coherent with an average
number of photons equal to nine. Consistently with
the equation (1.8), the coherent state of the oscillator
rotates clockwise keeping its shape. The coherent state
in the JCM splits into two contributions, and in the
middle, there is exhibit quantum interference that can
be interpreted as an atom-field entanglement. Also it
is observed a clockwise rotation, which it is reminiscent
of the non-interacting part of the JCM Hamiltonian. For
this numerical experiment, the TLA was prepared in the
excited state

and its denoted by prelp=Trria {pyom (t)}. It is
implemented through [12]:

preo = Y (Irewo @ (i) puom (Irietp © 7)) -
i=—1,1
(31)
On the other hand, if we are interested in the
atomic density matrix -for instance, to inquire in the
Boch vector dynamics-, we can follow an analog
definition to obtain the TLA density matrix:

Mmax

pria =Y (1 ® Iria) puom (17) @ Iria) - (32)

=0

With the knowledge of the density matrix, we can
easily implement a routine to compute the Wigner
function:

w (Oé, Oé*) =2Tr |:pFIELDD (a) elﬂaTaD_l (CY):| s
(33)
where D («) is the displacement operator, which is
given by:

D (a) =exp (a*a — aaT) . (34)

The numerical implementation of D («) and eima'a
can be straightforwardly done in most of the
modern software for matrix management. To
become computationally more efficient, we can use
the cyclic property of the trace and take the trace,
by using Fock states, to obtain an expression that
requires fewer matrix exponentiations:

Mmax

W (a,a®) =2 (=1)" (n| D (=) prieto D (a) [n)
n=0

(35)
The matrix operations involved in the equation
makes clear the power of the matrix methods for
the computation of the Wigner function.

6 Final Remarks

The numerical techniques here developed can be
used to extend easily the results presented in
Figl3l Among these extensions, we can consider
the cavity field prepared with other coherence
properties. This is done by just changing the initial
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state of the field preLp. Also, we can explore more
complex cases, for instance, the time-dependent
Wigner function for the non-resonant JCM, or a
TLA prepared in a superposition of excited and
ground state. Despite we applied the formalism to
the numerical computation of the Wigner function,
we also can use it to inquire into other quantities
of interest such as expectation values of o, widely
known as the atomic inversion.

In the matrix approach here presented, the most
relevant source of numerical errors is introduced
by the approximated field operators and its
posterior exponentiation. To guarantee a good
approximation, we have to take the dimension
of the approximated field operators nn.. large
enough; the criterion followed in this work is to
select n,. that makes the sum of the diagonal
elements very close to 1. Let us recall that in Fig[{]
we choose the value 0.999991346873.

There are several matrix management software.
Matlab is an excellent option, but also there are
free options. For instance numy and scipy, which
has the python programming language at its core.
These libraries also have capabilities to manage
sparse matrices, which can reduce considerably
the time of execution of the numerical routines
required for the matrix operations in quantum
problems.

Acknowledgments.

J. C. Garcia-Melgarejo and N. Lozano-Criséstomo
thank to the Universidad Auténoma de Coahuila
(UAdeC) and to the Instituto Nacional de As-
trofisica, Optica y Electrénica (INAOE) all the
support that made possible the realization of this
work.

References

1. Ackerhalt, J. & Rzazewski, K. (1975). Heisenberg-
picture operator perturbation theory. Phys. Rev. A 12
(6).

2. Butcher, J. (2016). Numerical methods for ordinary
differential equations, chapter Numerical Differential
Equation Methods. Wiley, pp. 51-133.

3. Cahill, K. & Glauber, R. (1969). Ordered
expansions in boson amplitude operators. Physical
Review 177 (5).

Computacion y Sistemas, Vol. 23, No. 3, 2019, pp. 1125-1132

doi: 10.13053/CyS-23-3-3136

4. Cohen-Tannoudji, C., Bernard, D., & Frank, L.
(1991). Quantum Mechanics, Vol. 1, chapter The
matematical tools of quantum mechanics. Wiley,
pp. 91-209.

5. Dirac, P. A. M. (1981). The principles of quantum
mechanics, chapter Dynamical variables and
observables. Oxford University Press, pp. 23—49.

6. Gerry, C. & Knight, P. (2005). /ntroductory quantum
optics, chapter Emission and absorption of radiation
by atoms. Cambridge University Press, pp. 74-114.

7. Glauber, R. (1963). Coherent and incoherent states
of the radiation field. Physical Review 131 (6).

8. Hochbruck, M. & Ostermann, A. (2010). Exponen-
tial integrators. Acta Numerica 19.

9. Horn, R. & Johnson, C. (1991). Topics in
Matrix Analysis, chapter Matrix equations and the
Kronecker product. Cambridge University Press,
pp. 239-288.

10. Jaynes, E. & Cummings, F. (1963). Comparison of
quantum and semiclassical radiation theories with
application to the beam maser. Proc. IEEE. 51 (1) :
89-109, IEEE.

11. Marchiolli, M., Missori, R., & Roversi, J.
(2003). Cualitative aspects of entanglement in the
jaynes-cummings model with an external quantum
field. Journal of Physics A: Mathematical and
General 36 (49).

12. Maziero, J. (2017). Computing partial traces and
reduced density matrices. Int. J. Mod. Phys. C 28.

13. Narozhny, N., Sanchez-Mondragon, J., & Eberly,
J. (1981). Coherence versus incoherence: Collapse
and revival in a simple quantum model. Phys. Rev.
A23(1).

14. Schleich, W. P. (2001). Quantum optics in phase
space, chapter Quantum states in phase space.
Wiley, pp. 99-144.

15. Wigner, E. (1932). On the quantum correction for
thermodynamic equilibrium. Phys. Rev. 40 (5).

Article received on 24/10/2018; accepted on 15/02/2019.
Corresponding author is J. C. Garcia-Melgarejo.



