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Abstract. The transformer model architecture has been
shown to be very effective at understanding sequence
relations. For tasks like natural language process-
ing (NLP), we can make decisions using dynamic
relationships among linguistic elements. While this
architecture excels at capturing complex dependencies
through self-attention mechanisms, their application to
tabular data often creates powerful, complex models. By
using neuro-fuzzy systems, we can provide rule-based
interpretability, but they typically lack the performance
of robust deep learning models on complex datasets.
Using the best instrument of each model, we proposed
a new hybrid approach using the rule-based knowledge
and the self-attention mechanism. This model employs
a neuro-fuzzy system that adjusts the contribution of
each attention head in an interpretable manner. This
creates a fuzzy attention system, focusing not only on
pattern recognition and relationships but also providing
a high-level justification for its reasoning strategy. Our
approach utilizes the self-attention mechanism within a
set of learnable fuzzy rules to enhance the interpretation
of the relationship between input features and the
model’s decision-making process. We demonstrate
the efficacy of the model on supervised regression
and classification tasks, showing that it maintains a
competitive performance, creating a new approach
for combining state-of-the-art Transformer architectures
with neuro-fuzzy models.

Keywords. Fuzzy systems, transformer, attention,
interpretability, tabular data.

1 Introduction

Deep learning, particularly the Transformer ar-
chitecture proposed by Vaswani et al. [40],
has become the state-of-the-art model to model

complex relations and handle large contextual
relationships in various domains. This is achieved
by the attention mechanism, which learns and
has general context information of all data
representations, having the possibility to analyze
different projections at the same time in parallel
thanks to the multiple attention heads that follow
the same process. This model has been the
standard for most current applications and a wide
area of research, replacing CNNs[10], RNNs[35],
and LSTMs[17] due to the simplicity of how it can
manage, having in some sense ”memory,” being
capable of correlating past tokens to new ones,
and adapting to new changes with minimum loss.
Although this model can adapt to and fit most
problems, its computational process also increases
as the number of tokens grows. It often leads to
the curse of deep learning: ”black box” models,
being incapable of giving a precise answer to how
they got to a particular output, are one of the major
drawbacks of their use. The calculated attention
weights can be viewed, yet they are unable to give
an answer to the ”thought” process or interpretation
of the data [21].

On the other hand, fuzzy systems[41] have been
proven to be a ”grey-box” approach for modeling
complex relations; their rule-based knowledge
and inference can be understood in linguistic
terms, which gives fuzzy models the advantage of
being able to demonstrate a ”reasoning” process.
Combining neural networks with a fuzzy system
provides the model the ability to adjust to complex
relations and have understandable rules to show
how it relates to every sample[22]. But it has
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drawbacks; manually created fuzzy systems often
require domain experts to determine the number
of rules to showcase those relations, or if it
dynamically adjusts, we might encounter the ”curse
of rule dimensionality”[9], showcasing how many
rules will be necessary given the number of feature
inputs we have, and even if we manage to mitigate
those issues, ANFIS[22] are shallow networks,
making the model prone to not capturing long,
complex non-linearities in the data and being
incapable of adapting well.

We can see a new opportunity for research. On
one hand, we have a deep learning model that
is capable of handling complex relations and has
proven to excel at pattern recognition, but it lacks
interpretability; on the other hand, we have a logic
system that provides reasoning through readable
rule-based inference, although its weakness lies in
managing high-dimensional data. Merging these
two different yet similar models, we can leverage
the best of each one, creating a hybrid model that
is capable of handling high-dimensional data while
having a reasoning process through its inference.

In this paper, we propose the Attention Reason-
ing Transformer using Neuro-Fuzzy Modulation, a
novel hybrid architecture meant to work as a first
step to fill this gap. This model introduces a Type-1
Fuzzy System modulator into the transformer’s
self-attention mechanism. The fuzzy rules are
used at the attention output, allowing the fuzzy
rules to dynamically and interpretably modulate
the flow of information. However this approach
suffers from a vanishing gradient problem as the
transformer model becomes more complex, that’s
why we added an auxiliar contrastive learning loss
to migitate and help stabilize the overall model
traning process.

In subsequent sections of this research, we
are going to first introduce the current state-
of-the-art for fuzzy systems, neuro-fuzzy neural
networks, transformers, and an introduction to
their self-attention mechanism. Secondly, state
our model architecture for all the processes
from the initialization of the fuzzy system, the
data embeddings, and the preparations for the
Transformer until the output of the system,
mentioning how the backpropagation updates the
learning parameters of the overall system. Lastly,

we present the results of our experiments, the
performance under regression and classification
tasks, and, by the end, a section for discussions
and future work.

2 Related Work

This work merges three important yet distinct
areas of research. To establish the context
of our proposed model we will first review the
area of Fuzzy Systems, from its first introduction
to classical fuzzy sets, to a more complex yet
applicable system, the fuzzy inference systems
and its improvement over complex problems and
its adjustment, and finally survey the self-attention
of the Transformer architecture and the way it
changed how we go through complex relations.

2.1 Fuzzy Systems

Zadeh first introduced the logic and methodology
to work with fuzzy sets in an article called the
same way, ”Fuzzy Sets”[41], this contribution rep-
resented a new approach to handling uncertainty
and vagueness in data by using linguistic terms
and showing its relations by ”if-then” rules. Fuzzy
logic works by soft-assigning membership values
to all samples in a given set; that is, each sample
has a degree of membership in all other sets,
compared to crisp logic that assigns a sample to
be only in one set and one set alone.

Fuzzy logic used fuzzy sets to create a knowl-
edge base and infer the degree of membership
of the input sample; with a set of ”if-then” rules,
we can model complex patterns and interpret
the output calculation. This idea goes one step
towards model interpretability, going from a ”black
box” to a ”grey box” model. Let’s take for example
a deep neural network. We know that a Deep
Neural Network can model complex relations,
and although we know mathematically how the
computer calculates the output of the system, we
don’t know why it chose that particular set of
weights. With a fuzzy set and the rule-based
knowledge, we can actually interpret and know
how each input contributed to the output and the
relations among the data. The rule-based system
then gives a human-readable reasoning process,
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defining this technique as the main advantage over
other ”black-box” models.

Over the years, fuzzy sets have been evolving
from their first introduction[6], but T1 FS is the
most widely used even to this day, and although it
doesn’t have an explicit way to handle uncertainty,
it’s equally capable of handling vagueness just like
any other high-order FS.

To this day and for most applications, a T1 FS is
more than enough to solve it; such examples are
an Hybrid T1 FS Functions for Forecasting[11], a
Fuzzy System to support Medical Diagnosis [13]
and even applications to mobile networks has been
done[42]. This is because of the effectiveness
of soft-assigning degrees of membership for
the samples.

By itself a FS creates an understandable
knowledge base; its inference can be used to
reason or process information, creating a Fuzzy
Inference System (FIS). This system incorporates
three key steps: The translation of the samples
to a soft-assign cluster followed by the rule-based
knowledge which calculates the inference of the
system, and at the end we transform this value via
a defuzzification process that takes this inference
and outputs a crisp value.

Currently there exist three types of FIS:
Mamdani[27], Sugeno/Takagi/San (TSK)[38], and
Tsukamoto[39]. Mamdani Inference Systems are
based on membership functions, which are easily
interpreted; Sugeno Inference Systems could be
linear or non-linear functions, which are usually
adjusted by external algorithms to achieve a
better-fitted and accurate model; Tsukamoto, on
the other hand, lies within the other two FIS, that
is, defining an interpretable membership function
and an overall well-fitted model.

Sugeno Fuzzy Inference Systems are widely
used in hybrid models due to the ability to better
adjust the consequent polynomial functions and in
some way have interpretable reasoning. However,
to converge on satisfactory results, we often
require domain experts to initialize those rules and
the antecedent membership function parameters.
This process is time-consuming and may not
be optimal.

2.2 Neuro-Fuzzy Neural Networks

To address the manual-tuning limitation of clas-
sical FIS, neuro-fuzzy networks were developed
[22]. These model hybrids combine fuzzy logic
reasoning with the learning capabilities of neural
networks. The idea of a neuro-fuzzy system
is to adjust both the antecedent membership
functions and the consequent, leveraging the back-
propagation algorithm via optimization algorithms,
commonly using first-order optimization, e.g., via
Gradient Descent and its derivations such as
Adam[24], AdamW[25], Lion[8], SMORMS3[16],
etc., or even second-order algorithms such as
the Levenberg-Marquardt algorithm[31] which uses
the Hessian to compute the gradients of all
parameters.

The most important example is the Adaptive
Neuro-Fuzzy Inference System (ANFIS) intro-
duced by Jang [22]. ANFIS is a Type-1
TSK-style fuzzy system implemented in a five-layer
network architecture, which can learn both
the antecedent membership functions and the
consequent parameters. This idea was motivated
by leveraging the reasoning process of the fuzzy
system and the ability to adjust to the input data
to model complex relations while maintaining a
degree of interpretability. This model has been
applied to numerous areas of research, such as
Pattern Recognition of fluid flow in a 3D domain[2],
an Accurate power forecasting [36], and an ANFIS
for controlling fluid levels [20].

The ANFIS model is not the only neuro-fuzzy
neural network; rather, it was the starting point for
an area of research combining different types of
FIS and more robust networks. Examples of this
work are NEFCON[32] or hybridizing versions of
ANFIS. Although this model presented a new step
towards model interpretability, in essence they are
still shallow networks, capable of approximate data
modeling but lacking the performance and context
adjustment of deep learning models. Increasing
the number of rules might mitigate the issue, but
otherwise it appears that as the problem in hand
becomes more complex, the number of rules and
membership functions per feature increases, and
the main goal of the model is lost[9].
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2.3 Transformers and Self-Attention

Since the first appearance of the Transformer
architecture by Vaswani et al. [40], its introduction
changed the way we handle and confront complex
and contextual relations. This model replaced
Convolutional Neural Networks, Recurrent Neural
Networks, and even Long-Short Term Memory
Networks (LSTM) as the primary building block of
deep complex models [33]. This now has become
the main architecture for most of the research in
the area, applied to even numerous fields such as
Robotics[5], Medical applications[14], with Natural
Language Processing (NLP) being the main area
of application[30, 28] and in most recent years
even Computer Vision with ViT Transformers (ViT)
[15, 34].

The power of the Transformer model then lies
in the attention mechanism. capable of learning
complex relations and the context of the data
representations by using a set of three projections:
Query, Value, and Key (Q, K, and V). These
projections calculate the relevance of a given
token with respect to all other tokens in the
input embeddings. This calculation learns to
understand the relation across all the tokens,
routing information, and computing a score for
each token’s query against every other token’s
key. Those scores are scaled by the square root
of the key’s vector dimension

√
dk for numerical

stability, passed through a softmax shown in Eq.
(1) function to create the attention weights, and
then used to compute a weighted sum of the
values. The model then is not adjusting a pair
of random, unrelated weights; now it trains with
a rich contextual embedding that has in some
sense ”paid” attention to every other token in the
sequence:

softmax(xi) =
exi∑n
j=1 e

xj
. (1)

This attention process is not done just one time
during the process; in fact, it repeats itself given the
number of ”heads” in parallel, giving the model the
flexibility to generate different types of meanings
(i.e., one head for syntax order and another for
semantic meaning). This MultiHead Attention
(MHA) is stacked with a Feed-Forward Network

(FFN), which applies a non-linear transformation
to the output of the attention mechanism. MHA
and FFN is stacked across multiple blocks, making
the Transformer a very robust yet complex deep
learning model.

Even though the attention and the Transformer
might be an excellent model to handle context
and relations, it has a major flaw: the number of
parameters needed to generate a rich representa-
tion of the tokens, and as the number of tokens
and number of heads increases, the attention
calculation becomes more computationally expen-
sive. This converts the model into a ”black-box”
model; the token relations are among millions or
even billions of parameters. In recent years an
active area of research has focused on mitigating
those issues like sparse attention [26] and QKV
compressions [3]. Separately, to reduce the
cost of training and fine-tuning, parameter-efficient
methods like Low-Rank Adaptation (LoRA)[18]
have been developed.

If we reduce the number of parameters needed
to optimize a Transformer model, we are still
working with a deep neural network, and for
applications where we need to understand how the
model choose or give a certain answer it’s just not
possible now, after the training process of a model,
we can view the attention weights and see how this
mechanism relates the tokens, but we might not
be able to take this set of weights as an accurate
representation stated by Jain and Wallace: ”In
addition to improving predictive performance, these
are often touted as affording transparency: models
equipped with attention provide a distribution over
attended-to input units, and this is often presented
(at least implicitly) as communicating the relative
importance of inputs. However, it is unclear what
relationship exists between attention weights and
model outputs” [21].

At last we will talk about Transformer for Tabular
Data. In the first instance, this model was
created to use text as the primary source of data,
and all the embedding calculations and positional
encoding were designed specifically to handle this
type of information. With the idea to leverage the
advantages of the attention mechanism, an active
area of research is being developed, and different
kinds of tabular embeddings are being proposed,

Computación y Sistemas, Vol. 30, No. 1, 2026, pp. 311–329
doi: 10.13053/CyS-30-1-6329

Adrian E. Adame, Mauricio A. Sánchez, Juan R. Castro314

ISSN 2007-9737



such as a feature embedding using each input
feature as a contextual vector[19].

This review reveals a clear and new area of
research. On one hand, neuro-fuzzy systems
provide better ”interpretability,” as the inference
of these systems uses ”if-then” rules and softly
assigns the data to a given membership degree,
but it lacks the deep and contextual reasoning
power of modern architectures. However, the
Transformer architecture, while state-of-the-art and
capable of handling complex relationships, is
fundamentally uninterpretable due to its large
number of parameters and ”black-box” nature. No
model exists that integrates the best of each model;
that is the area we are boarding with this paper
as a first approach towards interpretability and
state-of-the-art models.

3 Proposed Model

3.1 Model Architecture

This models works as a first approach on how
it’s possible to merge a Neuro-Fuzzy System
with Transformers for tabular data, covering one
challenge we found during the design and training
process, a problem founded commonly on Deep
Neural Networks, the vanishing gradient problem
and how we mitigate the issue by adding an
auxiliary contrastive loss to help stabilize the
gradient flow for the fuzzy systems and its rules.

3.1.1 Fuzzy System Initialization

The initial requirement for our proposed model
is to obtain the rule configuration for the
fuzzy system (i.e., number of rules, number of
inputs, type of membership functions, etc.). To
obtain these parameters, an initial step using
a clustering algorithm is used (in this paper,
the Fuzzy C-Means clustering algorithm[4] was
chosen, but it would work with any distance-based
clustering algorithm). Using the final clusters
of the clustering algorithm, we then define the
Gaussian membership functions, which require two
parameters as shown in Eq. (2):

µ(x;m,σ) = e−
1
2 (

x−m
σ )2 , (2)

where the centers of the clusters are the centers of
each Gaussian membership function, and σ is the
standard deviation of that particular cluster.

Since the Gaussian membership function is
differentiable, it is suitable to use it as the MF for the
rules, since we will be adapting these parameters
to better fit the data during the training process.

After the rules are defined and the Gaussian
membership functions initialized, we then proceed
with the calculation of the normalized firing
strengths of the rules. Let X ∈ Rp×q be a
batch of p input samples, where each pi is a
D-dimensional feature vector. The fuzzy system
contains k rules (each cluster is a rule), each
defined by a q-dimensional center vector mi,k and
a q-dimensional standard deviation vector σi,k.

For a single input sample xp,i, the firing strength
(or degree of membership) αp,k of the kth rule is
calculated by evaluating the Gaussian membership
function corresponding to that rule in that particular
sample. As shown in Eq. 3, the αp,k firing strength
is the distance between the input sample and the
center, scaled by the standard deviation of the
function. The generalized calculation of αp,k for all
inputs X and the rules:

αp,k(x) = Tn
i=1µFk

i
(xp,i) =

n∏
i=1

µFk
i
(xp,i)

=

n∏
i=1

exp

{
−1

2

(
xp,i −mi,k

σi,k

)2
}
.

(3)

Before initializing the Transformer architecture,
we need to ensure the firing strengths are in the
range of [0-1] to get an equal contribution of each
sample in the given rule. To do this, we normalize
by dividing each rule’s firing strength by the sum of
all rule activations, ensuring the resulting weights
sum to 1 for any given input:

ϕp,k(x) =
αp,k∑r

l=1 αp,l(x)
+ ϵ, (4)

where ϵ is a small constant to ensure numerical
stability and prevent division by 0. This ϕp,k vector
is the primary output of the fuzzy modulator. It
represents a soft partition of the input data and is
used to directly modulate the attention mechanism
in the subsequent Transformer blocks.
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3.1.2 Tabular Data Embeddings Initialization

Before diving into the Transformer mechanism,
we need to first transform the data from the
normal distribution to a set of embeddings,
since the Transformer and the self-attention work
on data representations of a given depth by
projecting three sets of matrices (WQ,WK ,WV )
on the representations. Since the proposed
model is focused on tabular data, we cannot
use the standard encoding and embedding
”word2seq” lookup tables found in natural language
processing[29]. Instead, we must create a
sequence of embeddings for the continuous input
features. This is achieved by treating each feature
like a sequence employing a numerical feature
tokenizer.

Projecting each of the q input features into the
dmodel-dimensional embedding space, this layer
consists of a learnable weight matrix Wfeat ∈
Rq×dmodel and a bias bfeat ∈ R1×dmodel . Each
feature xq from the input x is individually
embedded, transforming the input from X ∈ Rp×q

to a feature tensor Efeat ∈ Rp×q×dmodel .

This transformation is shown in Eq. (5), where
each of the weights is stacked following the order
of the input features:

Efeat = Xp×q×1 ⊙Wq×dmodel

feat + bq×dmodel

feat , (5)

where ⊙ represents element-wise multiplication
with broadcasting. This operation scales the
dmodel-dimensional embedding for the qth feature
by that feature’s scalar input value xp.

To reduce the time of inference to compute
the output of the Transformer, and following the
architectural design of Vision Transformers (Vision
Transformers), we prepend a single, learnable
weight Classification CLS Token ecls ∈ R1×dmodel

to the sequence of feature tokens. This results in
a final embedded input Efeat ∈ Rp×(q+1)×dmodel .
This token is a global representation of the entire
input embeddings, and its corresponding output
value from the final Transformer will be used for the
prediction task.

3.1.3 Encoder-Only Transformer

With the normalized firing strengths and the
embedding of the input features, we then introduce
the third module of the model, the stack of N
Encoder-Only Transformer Blocks. The reason
for using an Encoder-Only model is that this
architecture generates new representations of our
data based on a given set of embeddings; in
regression or classification tasks, this can lead to
favorable results because the attention mechanism
adjusts, allowing the fuzzy system to guide
the adjustments of the membership functions’
parameters.

Each Encoder-Only Transformer block i per-
forms two main operations: a neuro-fuzzy
modulated multi-head attention and a position-wise
feed-forward network (FFN), with residual con-
nections and layer normalization applied to each
main mechanism, to create a better path for the
gradients to flow across all parameters on the
model, that is, from the output to the fuzzy system.

The key innovation of our model lies within the
Multi-Head Attention (MHA) mechanism. From its
original paper, ”the Multi-Head Attention allows the
model to jointly attend to information from different
representation subspaces at different positions.
With a single attention head, averaging inhibits
this.” [40]:

MultiHead(Q,K,V ) = Concat(head1, ...,headh)WO

where headi = Attention(QW i
Q,KW i

K ,VW i
V ),

(6)

where the projections are weight matrices W i
Q ∈

Rdmodel×dk , W i
K ∈ Rdmodel×dk , W i

V ∈ Rdmodel×dk

respectively.
And the equation of a single-head attention

mechanism is shown in Eq. 7:

Attention(Q,K,V ) = softmax

(
QKT

√
dk

)
V , (7)

where Q,K,V are the token embeddings of
our input, or in this case, the embeddingEfeat

is passed three times, since the self-attention
mechanism looks at the same tokens from
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different space projections, and dk is the factor
between the number of attention heads and the
dmodel-dimension of the tokens.

3.1.4 Modulation Using the Fuzzy Firing
Strengths

Our model modulates the overall output of
each attention calculation using the previously
calculated normalized firing strength of the fuzzy
system ϕp,k. Crucially, we match the number of
rules to the number of attention heads to perform
an element-wise multiplication, that is, K == H.

The output of the attention values x (after
the calculation of the attention) has a shape
of attentionprobs ∈ Rp×attnheads×q×dmodel . The
firing strengths are then reshaped to ϕp×k×1×1

to match the attention probabilities calculated for
each attention head; the result is shown in Eq. 8:

Xmod = MHA(Q,K,V ) · ϕ = Xattn · ϕ. (8)

This operation allows each fuzzy rule to control
or influence its corresponding attention head. If a
rule does not fire for a given input (e.g., ϕk ≈ 0), its
associated attention head is effectively ”turned off”
for that input, which gives the model a reasoning
process in an interpretable manner. The output of
this modulation Xmod is then passed to the feed
forward network, and the process repeats for N
Encoder-Only Transformer blocks.

The last part of the Transformer block is
the Position-Wise Feed-Forward Network; the
modulated multi-head attention output is passed
through this last part to refine and select the
best patterns of each of the token’s calculated
representations independently.

This FFN network consists of two linear
transformation layers with a SwiGLU activation[37]
in between, which has been shown to improve
performance over the standard ReLU[1] and
GLU[12] variations.

The FFN computation is as shown in Eq. 9:

FFN(Xmod) = (SwiGLU(XmodW1 + b1))W2 + b2,
(9)

where W1 ∈ Rdmodel×dfnn , W2 ∈ Rdfnn×dmodel , and
b1, b2 are the corresponding biases. This type of

feed-forward network adjusts the Swish activation
function for a given batch of tokens, giving the
model flexibility to activate neurons based on the
weight values and their corresponding relation to
other tokens.

The SwiGLU activation function is defined as:

SwiGLU(x) = (xW + b)⊙ σ(xW + b). (10)

3.1.5 CLS Token Head Inference

To speed up the inference process of the trans-
former and using the global token representation
CLS Token, the output of the model is calculated
using this 1 × 1 × dmodel token and using a last
linear transformation to get from our global context
token to the desired number of outputs. As shown
in Eq. (11), the CLS Token is transformed from a
1× 1× dmodel-dimensional vector to the number of
outputs:

ŷp,j = CLStokenW + b, (11)

where W ∈ Rdmodel×j and b is a bias vector.

3.2 Auxiliary Contrastive Loss

Since every module of the proposed model is
fully differentiable, it is possible to adjust all
parameters, considering the overall error signal
from the output to the very first module, the fuzzy
system. We saw that for a considerable number
of fuzzy rules (i.e., 10 or more) and a large
depth of dmodel-dimensional tokens, the training
process becomes unstable and the gradient of the
fuzzy parameters is a very faint signal. Since
the Gaussian membership functions of the fuzzy
rules are sensitive to small changes and the
gradient that flows to the very start of the model
suffers a numerous set of operations from the
Deep Transformer architecture, we need to help
the fuzzy system to better adjust and improve
these faint gradient signals. Taking inspiration
from the technique to repel or attract similar pairs
for a given output value, we use a variation of
the contrastive learning used in self-supervised
tasks[7]. Using the cosine similarity to calculate
the distance between the activated firing strengths
for a given output, the idea is to activate similar
firing strengths for similar outputs and deactivate
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or separate dissimilar firing strengths when the
output isn’t the correct one. This auxiliary loss is
aggregated to the overall loss of the main task (i.e.,
regression or classification); Eq. (12) shows the
addition and a new hyperparameter λaux to scale
the difference:

Ltotal = L(W) + λaux · Laux(ϕ;Y ), (12)

where L(W) is the main loss of the model,
Laux(ϕ;Y ) is the auxiliary loss function which
requires the normalized firing strengths ϕ of the
calculated batch and Y is the current batch target
used to find the similarity of the firing strength for a
given output.

This auxiliary loss is calculated over a batch of
B samples. For every pair of samples (i, j) in the
batch, first we define a similarity flag Sij which is 1
when similar output targets are approximately the
same, and 0 if they are dissimilar. We define the
distance between their normalized firing strengths
ϕi and ϕj using cosine distance:

dϕ(i, j) = 1− ϕi · ϕj

∥ϕi∥ ∥ϕj∥
, (13)

where the indices i, j indicates pairs of the
firing strengths, the similarity calculates the
dot-product between the pair and its divided by
their magnitudes.

The contrastive loss Lossaux is then defined as
the sum of an attraction loss for similar pairs and
a repulsion loss for all dissimilar pairs as shown in
Eq. (14)

Laux =
1

Nsim

∑
i,j|Sij=1

dϕ(i, j)

+
1

Ndis

∑
i,j|Sij=0

max(0,m− dϕ(i, j))

(14)

Where Nsim and Ndis are the total number of
similar and dissimilar pairs, respectively, dϕ(i, j)
indicates the distance between a pair of firing
strengths and m is a similarity threshold used to
indicate how dissimilar is a target with respect
of the distance. This function attracts the
firing strengths representations for similar-target

input pairs and repels all the firing strength
representations for dissimilar-target inputs.

3.3 An Overview on the Backpropagation
Algorithm

The loss function is selected by the type of task we
are solving for, to showcase the backpropagation
algorithm we will take for example a regression
problem, the loss function then will be defined
by the sum of the squared differences between
the calculated output and the targets, the SSE
equation is shown in Eq. (17):

ep,j = yp,j − ŷp,j , (15)

Ep =

j∑
i=1

e2p,j , (16)

SSE =

q∑
p=1

Ep =

q∑
p=1

j∑
i=1

e2p,j , (17)

where ep,j indicates the jth output of the model by a
batch os samples p, yp,j the target for the jth output
and ˆyp,j the output of the model.

With this, we then redefine the loss function as
the squared Frobenius norm:

L(W) = SSE = ∥e∥2F , (18)

where e is the vectorized batch of errors given by
e⃗e⃗T .

As the last step to calculate the total loss, we
need to add the auxiliary function:

L(W;ϕ) = L(W) + λaux · Laux(ϕ;Y ), (19)

where W is the final model prediction or the
estimation, which depends on all N transformer
blocks, ϕ ∈ Rp×k is the normalized firing strengths,
Y are the targets and λaux is a hyperparameter
controlling the auxiliary loss weight.

The total gradient for any given set of parameters
θ of the model is:

∂L(W;ϕ)

∂θ
=

∂L(W)

∂θ
+ λaux · ∂Laux(ϕ;Y )

∂θ
. (20)
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This equation reveals a key architectural
property; different parameters groups receive
different gradient signals.

3.3.1 Gradient for Transformer and Embedding
Parameters W

The transformer parameters Wtrans (WK
attn, WQ

attn,
WV

attn, WO, FFN weights, feature tokenizer and
eCLS Token) do not affect the fuzzy firing strengths
ϕ. Therefore these parameters do not participate
in the computation of Laux and the gradient from
the auxiliary loss is zero:

∂Laux

∂W
= 0. (21)

These parameters receive gradients only from
the main task loss. For a specific set of weight
W ℓ in the ℓ-th transformer block, the gradient flows
backward through all subsequent blocks, that is
from the output ŷ to the ℓ-th block. Let Hj be the
output of block j and EN be the final transformer
output fed to the prediction head. The chain rule
applies as follows:

∂L(W)

∂W ℓ
=

∂L(W)

∂ŷp,j
· ∂ ˆyp,j
∂EN

·

 N∏
j=ℓ+1

∂Hj

∂Hj−1

 · ∂H
ℓ

∂W ℓ
,

(22)
where we calculate the gradient of the loss with
respect to the given j-th output then by the gradient
of the j-th output with respect of the EN output of
the transformer (i.e., the CLS token output) and
then we reach the calculation of all the subsequent
Transformer blocks given by

∏N
j=ℓ+1

∂Hj

∂Hj−1 , where
this operation is the product of all Jacobians
from all the blocks above block ℓ and finally the
gradient of the Hℓ block with respect with the actual
parameter W ℓ. Since the transformer receives an
embedding vector as input, we need to calculate
the gradient with respect to all elements of the
vector and the current block, that is why the need of
the Jacobian of each block. One important aspect
of the transformer is the residual connections of
the form Hj = Hj−1 + f(Hj−1). Therefore, the
Jacobian includes an identity component:

∂Hj

∂Hj−1
= I+

∂f

∂Hj−1
, (23)

where I is the identity Matrix which connects
each block and its residual, f represents a series
of operations for the givenℓ-th block . This
connection helps mitigate vanishing gradients of
deep transformer networks, but the signal reaching
the fuzzy system is still weak.

3.3.2 Parameters for the Fuzzy System

The fuzzy system parameters (Gaussian centers
mk,i and standard deviations σk,i) receive gradi-
ents from both losses:

∂Ltotal

∂mk,i
=

∂L(W)

∂mk,i
+ λaux · ∂Laux

∂mk,i
, (24)

∂Ltotal

∂σk,i
=

∂L(W)

∂σk,i
+ λaux · ∂Laux

∂σk,i
, (25)

where L(W) is the main loss of the system which
involves the N Transformer blocks and λaux the
weight scale hyperparameter.

As demonstrated in the model architecture, our
proposal adds a fuzzy modulation in the attention
output. After computing multi-head attention,
we apply element-wise multiplication with the
normalized firing strengths as stated on Eq. 8. This
creates a branch in the gradient flow. By the chain
rule for element-wise multiplication:

The gradient with respect to the attention output
is:

∂L(W)

∂Xattn
=

∂L(W)

∂Xmod
· ϕ, (26)

where Xmod is the attention output modulated by
the normalized firing strengths phi. The gradient
with respect to the firing strengths from the main
loss:

∂L(W)

∂ϕ
=

∑
q,dmodel

∂L
∂Xmod

·Xattn, (27)

where Xattn is the attention probabilities before
modulation and Xmod the attention probabilities
after modulation, therefore the sum of all elements
of the attention logits will calculate the gradient for
ϕ.
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Equation 27 represents the gradient signal from
the main task that flows to the fuzzy system.
However as we saw in Eq. (22), this gradient has
passed through N transformer blocks, making it
weak and noisy, that’s the motivation of adding an
auxiliary loss.

The gradient ∂L(W)
∂ϕ needs to propagate to the

fuzzy system to update the parameters, flowing
from the normalization to the very calculation of
the firing strengths. Starting from the calculated
normalized firing strengths, using the quotient rule,
the gradient with respect to the raw firing strength
is:

∂L
∂αp,k

=
1∑r

l=1 αp,l

[
∂L

∂ϕp,k
− ϕp,k

k∑
l=1

∂L
∂ϕp,j

]
,

(28)
where we take into account two sections of the
firing strengths, where αp,k is in the sum and when
there is not, therefore the gradient of the raw firing
strengths accounts the normalized firing strengths
ϕ and the path from the main loss L to ϕ and.

Now that we have the gradient for the raw
firing strength, we must flow back to the actual
parameters, calculating the gradient for the loss
with respect to the membership functions we get:

∂L

∂e
−1 1

2

(
xp,i−mk,i

σk,i

) = − ∂L

∂αp,k
· αp,k · e

−1 1
2

(
xp,i−mk,i

σk,i

)
,

(29)

where e
−1 1

2

(
xp,i−mk,i

σk,i

)
is the Gaussian function for

the parameters of the k-th rule and the i-th input.

Finally, we compute the gradients with respect to
the Gaussian parameters. For the center we get:

∂L
∂mk,i

=

q∑
p=1

∂L
∂αp,k

· αp,k ·

(
xp,i −mk,i

σ2
k,i

)
. (30)

For the standard deviations:

∂L
∂σk,i

=

q∑
p=1

∂L
∂αp,k

· αp,k ·

(
(xp,i −mk,i)

2

σ3
k,i

)
. (31)

Table 1. Description of the benchmark datasets used for
experimentation

Name Task # In # Out #Samples
EB R 2 2 119

CCS R 8 1 1030
ASN R 5 1 1503
EE R 8 2 768
Iris C 4 3 150

BCD C 30 2 569
Derm C 8 6 366
Seeds C 7 2 210

Both equations 30 and 31 sums over the batch
of samples and takes into account the raw firing
strengths αp,k and the derivate of its gaussian
function respectively.

The auxiliary loss provides gradients ∂Laux

∂ϕ that
encourage similar samples to activate similar fuzzy
rules while separating dissimilar samples. This
gradient flows directly form the total loss to the
fuzzy system, evading the deep and complex
operations done during the transformer, this flow
goes trough the same chain as the main loss (Eq.
(28, 30 and 31).

4 Experiments and Results

To test our proposed Deep Fuzzy Transformer
model, 8 benchmark datasets were used, 4 for
system identification or regression tasks and 4 for
class labeling or classification tasks. The selected
datasets for regression are: engine behavior
dataset[23], with 2 inputs (fuel rate, speed)
and 2 outputs (torque, nitrous oxide emissions)
with 1199 samples; airfoil self-noise[23] with 5
inputs (frequency, angle of attack, chord length,
free-stream velocity, and suction side displacement
thickness) and 1 output (scaled sound pressure
level), with 1503 samples; concrete compressive
strength[23], with 8 inputs (cement, blast furnace
slag, fly ash, water, superplasticizer, coarse
aggregate, fine aggregate, and age) and 1
output (concrete compressive strength), with 1030
samples; energy efficiency[23], with 8 inputs
(relative compactness,
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Table 4. Results for all classification datasets for our proposed Model, using Stratified KFold Cross Validation, where
Cross Entropy Loss, Accuracy, Precision and F1-Score are shown

Dataset
Performance

measurements
Loss (CEL) Accuracy Precision F1-Score

Iris

Mean
Min

Max
Std

3.972975
3.817929
4.235186
0.186438

0.971111
0.966667
0.973333
0.003143

0.975926
0.972222
0.977778
0.002619

0.970819
0.966330
0.973064
0.003174

Breast Cancer Diagnosis

Mean
Min

Max
Std

2.811211
2.547836
2.981546
0.188889

0.975982
0.973622
0.977162
0.001669

0.976838
0.974957
0.978018
0.001344

0.975860
0.973497
0.977055
0.001671

Dermatology

Mean
Min

Max
Std

0.047473
0.007446
0.094135
0.035700

0.970896
0.961937
0.978003
0.006688

0.976158
0.969477
0.981051
0.004891

0.970300
0.961252
0.977322
0.006715

Seeds

Mean
Min

Max
Std

1.157935
0.738016
1.806229
0.465035

0.942857
0.938095
0.947619
0.003888

0.947751
0.942989
0.952976
0.004090

0.941936
0.936755
0.946545
0.004017

Table 5. Classification datasets performance comparison between our proposed model and a baseline MLP

Dataset
Performance

Metrics
Model

MLP - S MLP - M MLP-L DFT

Iris
Accuracy
Precision
F1-Score

0.957778
0.964392
0.957160

0.955556
0.962222
0.955152

0.951111
0.958095
0.950471

0.971111
0.975926
0.970819

Breast Cancer Diagnosis
Accuracy
Precision
F1-Score

0.967774
0.959494
0.967742

0.973058
0.973641
0.972986

0.970729
0.972076
0.970548

0.975982
0.976838
0.975860

Dermatology
Accuracy
Precision
F1-Score

0.970986
0.973793
0.970596

0.970896
0.974477
0.970489

0.967217
0.971327
0.966268

0.970896
0.976158
0.970300

Seeds
Accuracy
Precision
F1-Score

0.957143
0.963536
0.956447

0.953968
0.959696
0.955315

0.946032
0.951019
0.945007

0.942857
0.947751
0.941936
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surface area, wall area, roof area, overall
height, orientation, glazing area, and glazing area
distribution) and 2 outputs (heating load, and
cooling load), with 768 samples.

The selected datasets for classification are: iris
dataset[23], with 4 inputs (sepal length, sepal
width, petal length and petal width) and 3 iden-
tified classes (setosa, versicolour, and virginica);
breast cancer diagnosis ”Winsconsin”[23] with
30 inputs and 2 identified classes (malignant,
benign);dermatology dataset with 8 inputs and 6
identified classes (psoriasis, seboreic dermatitis,
lichen planus, pityriasis rosea, cronic dermatitis,
pityriasis rubra pilaris) and seeds datasets with 7
inputs (area A, perimeter P, compactness C, length
of kernel, width of kernel, asymmetry coefficient
and length of kernel groove.) and 3 identified
classes (Kama, Rosa and Canadian). These
datasets characteristics are shown in Table 1.
Using abbreviations for constraining purposes, the
abbreviations for the type of task are Regression
Task (R) and Classification Task (C), and the
datasets are abbreviated as Engine Behavior (EB),
Concrete Compressive Strength (CCS), Airfoil
Self-Noise (ASN), Energy Efficiency (EE), Iris,
Breast Cancer Diagnosis (BCD), Dermatology
(Derm), and Seeds, respectively.

A series of tests for each dataset were executed,
for regression tasks we did an scaling analysis
going from r=1,..., 10 rules, the idea behind
it is to show how the model performs when
incrementing the number of fuzzy rules and the
overall parameters of the system. We did a
K-fold cross validation with K-fold=10 with 3
repetitions, an overall of over 30 models per rule
per dataset. The performance measurements used
are: Coefficient of determination R2 and Mean
Square Error (MSE). An important measure we
added is the Akaike Information Criterion (AIC),
shown in Eq. (32), where k is the number of
parameters, q is the amount of data pairs and
L the like hood function maximized value, where
L=MSE. This criterion gives and estimation of the
overall model complexity and the performance, so
is measure by the lowest possible value, that is
the lower the value, the better the obtainer model
performance:

AIC =
2k

q
+ log(L). (32)

For classification tasks, we follow a similar
approach, using a variation of KFold, we select
Stratified KFold as the main validation procedure
with KFold=10. The performance measurements
used are: Accuracy, Precision, and F1 Score.
Since the number of rules of the fuzzy system is the
number of classes to identify, we did not perform a
analysis scaling like for the regression task.

Finally, we did a comparison between 2 models,
a baseline MLP model with 3 scales (i.e., small,
medium and large) and a High Order Polynomial
Sugeno Fuzzy Inference System to make a starting
point of this new approach. We did the same
number of experiments for every model, we will
compare our best model for each dataset with this
baselines implementations.

5 Discussions and Future Work

A collection of multiple regression and clas-
sification datasets were used to conduct our
experiments and verify the performance of our
proposed model. Tables 2-4 shows all results
for regression task from the obtained R2, MSE,
number of rules (r), number of parameters (k)
and AIC. Tables 3-5 shows a comparison between
our model, a baseline MLP model and a High
Order Polynomial Sugeno FIS. We performed
one exhaustive experimentation using KFold cross
validation for regression, stratified KFold cross
validation for classification, with 10 fold, in
regression we performed a scaling analysis from
the fuzzy rules from 1 to 10, repeating the 10 Folds
per rule, that’s a total of 30 models per rule per
dataset, as in classification the number of rules
were the number of class labels to predict, we did
every Fold 3 times, 30 models per dataset were
also done.

Our experimental evaluation demonstrates that
the proposed model Deep Fuzzy Transformer
achieves better performance compared to standard
MLP baselines across regression and a small but
notable improvement in classification tasks, on the
other hand compared with a High Order Polynomial
Sugeno, we had a slightly better improvement.
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For regression tasks, we will discuss Table 2. For
the engine behavior and Concrete Compressive
Strength showed that 1 fuzzy rule is sufficient,
although the coefficient of determination improved
as the number of fuzzy rules increased, the overall
number of parameter did too and as we showed
before, the AIC metric is a good baseline to
compare models due to the fact that relates the
overall loss value and the number of parameters
required, in those two datasets the selected model
had the lower value among all rules. Compared
with the baselines MLP’s and the HOPS FIS, it
achieves a better average performance. For the
Airfoil Self-Noise and Energy Efficiency dataset
showed that 2 is a good enough number of fuzzy
rules to handle the complexity of the data. In the
case of the Airfoil data, 1 fuzzy rule is not enough
to capture and represent the overall non-linearity
of the patterns, and although we outperform the
other models, it was possible to achieve an even
greater performance with 2 rules, after 5 rules the
coefficient plateaus while the AIC metric increased.
This indicates that 2 rules is more than enough
and adding rules just leads to an unnecessary and
complex model. For the Energy Efficiency it shows
that 1 fuzzy rule is not enough to really capture
information and it might need more parameters to
improve the performance, as the results pointed
out, after we get to 5 fuzzy rules both outputs
plateaus, so given the large gap in parameters
between models, 2 fuzzy rules is the best spot to
select, as the parameter count is relatively small
and the performance is very similar, compared to
the other models, we outperform the MLP baseline
by a large margin, and with the HOPS we achieve
a significantly better performance, which justifies
the increase in model complexity and the resulting
higher AIC.

For classification tasks, compared with the
baselines MLP, we got a slight better results in
two datasets, the other ones we have very similar
results, but the increment is modest, compared to
the number of parameters the transformer deals
with, as we said before we over 30 models per
dataset, adding the fact that we have to match
the number of classes to the number of heads
of the attention mechanism, its hard to tell the
winner in each case. The iris dataset is a very

common benchmark and the relative performance
of both model were pretty similar, having the
slight advantage our model, in which case it
could be to the fact that this dataset has a good
distribution between classes. The Breast Cancer
Diagnosis is another common benchmark but it
has unbalance in the distribution of the predicted
classes, but with the stratified KFold we tried to
reduce the casualties, the overall performance on
the Accuracy, Precision, and F1-Score were good.
We select the dermatology dataset due to the
fact of the number of classes which are 6, so
it supposed a more complex solution, our model
handles all classes with a very good estimation,
as the F1-Score metrics calculates the precision,
false positives, false negatives and calculates the
weigthed result.

With the auxiliary loss talked previously, it helped
achieve better results, we noted that as the
number of parameters and the number of rules
increases, the training process became unstable
after a long time, giving a vanishing gradient
problem or gradient spikes, which affected the
initial set of tests we performed. When adding
the contrastive loss for the firing strength the
fuzzy system adjusted better the fuzzy parameters
of the Gaussian membership functions. While
the main task loss provides task specific learning
signal, the auxiliary loss ensures that fuzzy rules
organize inputs by similarity, creating a structured
representation of the data and its patterns.

Compared to classical neuro-fuzzy systems
like ANFIS, our architecture addresses the
scalability limitations by integrating the Transformer
architecture for large contextual relationships in
the data. Resulting in adding a new approach to
better interpret the reasoning process inside the
attention mechanism while maintaining competitive
performance. The auxiliary function also proved
to stabilize the overall training process, making it
an important feature to future integrations of fuzzy
systems and deep learning models.

Several limitations warrant discussion. Our
evaluation is limited to the 8 benchmark datasets
we tried in this research, but further exper-
imentation and applications in other domains
might strengthen its generalization and adaptability
capabilities of the proposed model. We also
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compare with a baseline MLP and just one
FIS implementation, but for an extensive search
for competitive performance might require to
try other models or maybe new transformer
architectures. Lastly the lambda weight for
the auxiliary loss is dataset-dependant, which
might increase the number of hyperparameter to
search for, another thing that deep learning model
struggle with, the search and optimization of these
hyper-parameters.

Despite these limitations, and given the exten-
sive series of experiments, our models confirms
that using a fuzzy rule based modulation by
a neuro-fuzzy system provides a new approach
combining the fuzzy’s system interpretability while
maintain complex relations using the Transformer
architecture. The dual gradient for the fuzzy sys-
tem proves to be a good approach to handle deep
architectures and stabilize sensitive parameters
(i.e the fuzzy system) while maintaining a pretty
good competitive performance.

For future work, we are working on doing more
experiments trying with different embeddings,
types of data and still comparing with other models.
We will work in new ways to improve this hybrid
model, from trying different style architectures, to
even change to a modern state-of-the-art attention,
as this represent a new approach to neuro-fuzzy
transformers, there is so much to discover and
improve that who knows, perhaps in a future work
we improve this first model. As new architectures
and techniques arises, we will try it and revel our
findings. We are confident that the fuzzy logic and
fuzzy system are a safe path towards solving one
of the main problems in AI, intrerpretability.
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